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Abstract 

A bicovariant calculus on the twisted inhomogeneous multiparametric q- 
groups of the B n , C n , D n type, and on the corresponding quantum planes, is 
found by means of a projection from the bicovariant calculus on B n +x, Cn+i, 
D n+ \. In particular we obtain the bicovariant calculus on a dilatation- free 
g-Poincare group ISO q (3, 1), and on the corresponding quantum Minkowski 
space. 

The classical limit of the B n ,C n , D n bicovariant calculus is discussed in 
detail. 
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1 Introduction 



We present a bicovariant differential calculus on the inhomogeneous multiparametric 
quantum groups of the B n ,C n , D n type, and on the corresponding quantum planes. 
Our main motivation being an exhaustive study of the differential calculus on the 
quantum Poincare group found in ref.s ||T|], we mainly focus our discussion on the 
orthogonal inhomogeneous g-groups ISO q (N). All the quantities relevant to their 
differential calculus are explicitly constructed. The results are then directly applied 
to the g-Poincare group ISO q (3, 1), and to the quantum Minkowski space that 
emerges as the quantum coset Fun q (ISO(3, l)/SO(3, 1)). 

The technique used in deriving the differential calculus on ISO q (N) or ISp q (N) 
is based on a projection from the bicovariant calculus on ISO q (N+2) or ISp q (N+2). 
This technique was first proposed in || and applied to find the quantum inhomo- 
geneous groups IGL q (N) and the corresponding bicovariant calculus. Their mul- 
tiparametric extensions were treated in |J. Other references on inhomogeneous 
g-groups can be found in ||]. 

The projection method was then applied to the multiparametric SO q ^=\{N + 2) 
to obtain the bicovariant calculus on ISO q)r= i(N), where r = 1 corresponds to the 
"minimal deformations" , or twistings, with diagonal i?-matrix || . The gauging of 
the resulting deformed g-Poincare "Lie algebra" leads to the g-gravity theory dis- 
cussed in the same references. The structure of the multiparametric inhomogeneous 
g-groups ISO q:r (N) obtained via the projection technique was studied in detail in 
ref. [0], where a dilatation-free q- Poincare group depending on one real deformation 
parameter was found. Absence of dilatations requires r = 1. 

In the present paper the bicovariant calculus on ISO q<r (N) and ISp q ^.(N) with 
r = 1 is obtained after a detailed study of the homogeneous orthogonal and sym- 
plectic g-groups in the r — > 1 limit. The necessity of taking r = 1 is discussed. The 
functionals of the universal enveloping algebra U (SO qtr= i(N +2))[U (Sp qtr =i(N+2))] 
relevant for the construction of a bicovariant calculus are analized and "projected" 
to well defined functionals on I SO qtr= i(N)[I Sp qtr= i(N)}. The differential calculus 
is found and explicitly formulated in terms of these "projected" functionals, that in 
the commutative limit become the tangent vectors to the inhomogeneous orthogonal 
[symplectic] groups. In this general setting we are able to retrieve all the results of 
H (where these functionals were only given in terms of their action on the adjoint 
g-group elements) in a direct way, and to clarify important points. For example we 
will easily see how the typical "abundance" of left-invariant one-forms can be lifted 
in the r = 1 case. 

In our framework the bicovariant calculus on the orthogonal multiparametric 
quantum plane follows almost corollary. 

In Section 2 we briefly review the basics of B n , C n , D n multiparametric quantum 
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groups, mainly to establish notations. In Section 3 we recall the i?-matrix formu- 
lation of ISO q:r (N) and ISp q>r (N) of ref. Q, and discuss the real forms yielding 
ISOg :r (n, n; R), ISO q:r (n, n + l;R), ISp qtr (n, R) and ISO q>r (n + 1, n — 1; R), this 
last being the one used in [|, |l| to obtain the quantum Poincare group ISO qtr (3, 1). 
The universal enveloping algebra and the bicovariant calculus on multiparametric 
B n ,C n , D n g-groups (and their real forms) are given in Section 4 and 5 respectively 
In Section 6 we examine the case r = 1. We clarify some issues related to the classi- 
cal limit and see how in this limit some tangent vectors become linearly independent, 
thus providing the correct classical dimension of the tangent space. A similar mech- 
anism occurs for the left-invariant one-forms. In Section 7 the bicovariant calculus 
on ISO q ^ r= i(N) and its real forms is constructed. Finally Section 8 deals with the 
differential calculus on the orthogonal quantum plane Fun qtr= i(ISO(N)/SO(N)). 



2 B ni C ni D n multiparametric quantum groups 

The B n , C n , D n multiparametric quantum groups are freely generated by the non- 
commuting matrix elements T a b (fundamental representation) and the identity I. 
The noncommutativity is controlled by the R matrix: 

R ab ef T\T f d = T b f T\R ef cd (2.1) 

which satisfies the quantum Yang-Baxter equation 

pai&i r>a,2Ci T>b 2 c 2 p^ici J30.\c 2 j)a 2 b 2 (<-) q\ 

U a 2 b 2 n a 3 c 2 n b 3 c 3 - n b 2 c 2 n a 2 c 3 n a 3 b 3 > 

a sufficient condition for the consistency of the "i?TT" relations ( |2.1| ). The R- 
matrix components R ab cd depend continuously on a (in general complex) set of 
parameters q a b, r - For q ab = r we recover the uniparametric g-groups of ref. ||. 
Then q ab — > 1 , r — > 1 is the classical limit for which R ab cd — > 5^5 b d : the matrix entries 
T a b commute and become the usual entries of the fundamental representation. The 
multiparametric R matrices for the A, B, C, D series can be found in (other ref.s 
on multiparametric ^-groups are given in @, 0). For the B,C,D case they read: 

R ab a = + (r - 1)8* + (r- 1 - 1)^'](1 - 5"») + 8 a n2 8 b m 8^T (2 3) 

+ (r - r-^le^S^ - e a e c e ac rP--^b a ' b b c , d \ 

where 9 ab = 1 for a > b and 9 ab = for a < b; we define n 2 = and primed 
indices as a' = N + 1 — a. The indices run on values (A^=dimension of the 
fundamental representation T a b ), with iV = 2n + 1 for B n [SO(2n + 1)}, N = 2n for 
C n [Sp(2n)), D n [SO(2n)). The terms with the index n 2 are present only for the B n 
series. The e a and p a vectors are given by: 



+ 1 for B n , D n , 
+ 1 for C n and a < n, (2.4) 
— 1 for C n and a > n. 
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'N 
■ 2 



1 K - 9 in-l i i) f or d 



(pi, = < (f,f -l,...l,-l,...,-f) for C n (2.5) 

(f - 1, f - 2, 1, 0, 0, -1, -f + 1) for D n 

Moreover the following relations reduce the number of independent q a b parameters 

0= 2 

q aa = r, q ba = — ; (2.6) 
q a b 

jy»2 ^2 

q a b = = = q a >v (2.7) 

Qab 1 Qa'b 

where ( |2.7| ) also implies q aa > = r. Therefore the q ab with a < b < — give all the g's. 

It is useful to list the nonzero complex components of the R matrix (no sum on 
repeated indices): 

aa = r -, a^n 2 
R aa , =r , a^n 2 

iT afe = , a ^ b, a' ^ b 

Qab 

R ab ha = r -r _1 , a>b 1 a , ^b 

R aa ' a , a = (r - r _1 )(l - er^"^'), « > «' 

# aa '&&' = ~(r " r^e^r*-* a > b, a' * b (2.8) 

where e = e a e a >, i.e. e = 1 for S n , _D n and e = — 1 for C n . 

Remark 2.1 : The matrix i? is upper triangular, that is R ab cd = if [a = c and 
b < d] or a < c, and has the following properties: 

Rq,l = Rq- 1 ^- 1 j {Rq,r) ab cd = {H],r) C a'6' ! {Rq,r) ab cd = (Rp^^ba (2.9) 

where g, r denote the set of parameters g a b, r, and p a b = 

The inverse i?" 1 is defined by (.R _1 ) ab cd R cd ef = 5 a e 5) = R ab ^{R" 1 )^ e/ . Eq. 
implies that for \q\ — \r\ — 1, R — R~ x . 



Remark 2.2: Let R r be the uniparametric R matrix for the B, C, D q-groups. 
The multiparametric R q ^ r matrix is obtained from R r via the transformation || [?| 

R q>r = F^RrF- 1 (2.10) 

where (F~ l ) ab cd is a diagonal matrix in the index couples ab, cd: 



and ab, cd are ordered as in the R matrix. Since — (yy) 1 and q aa i = q bb 



the non diagonal elements of R q ^ r coincide with those of R r . The matrix F satisfies 
F12F21 = 1 i.e. F ab e fF^ e dc = S^5 d , the quantum Yang-Baxter equation F 12 F 13 F 23 = 
-^23-^13-^12 and the relations (-R r ) 12-^13-^23 = -^23-^13(^)12- Note that for r = 1 the 
multiparametric R matrix reduces to R = F~ 2 . 

Remark 2.3: Let R the matrix defined by R ab cd = R ba cd . Then the multipara- 
metric Rq^ r is obtained from R r via the similarity transformation 

R q , r = FRrF- 1 (2.12) 

The characteristic equation and the projector decomposition of R q ^ r are therefore 
the same as in the uniparametric case: 

(R - rI)(R + r~ l I){R - er € ~ N I) = (2.13) 

R-R- 1 = (r-r-^il-K) (2.14) 
R = rP s -r- 1 P A + er e ~ N P (2.15) 



with 



Ps = v ^-t[R + r-H - (r- 1 + er^ N )P, 







Pa = ^r[-R + rI-(r- er^ N )P ] 

P = Q N (r)K (2.16) 

Qn(j) = {C ab C ab ) 1 = ( 1 _ er .N+i- E 1 )([ +er .-A;+i+ e ) , K ab c d = C ab C cd 
I = P S + P A + P 

To prove fl2.14j ) in the multiparametric case note that F 12 K 12 F^ 2 = K 12 . Or- 
thogonality (and symplecticity) conditions can be imposed on the elements T a b , 
consistently with the RTT relations (|2.1|): 



C bc T\T d c = C ad , C ac T\T c d = C bd I (2.17) 

where the (antidiagonal) metric is : 

C ab = e a r~<> a 5 ab , (2.18) 

and its inverse C ab satisfies C ab C bc — 5% = C cb C ba . We see that for the orthogonal 
series, the matrix elements of the metric and the inverse metric coincide, while 
for the symplectic series there is a change of sign: C ab = eC ab . Notice also the 
symmetry C ab = C Vaf . 

The consistency of ( |2.17|) with the RTT relations is due to the identities: 

C ab R bc de = (R-Y ad C f e, R bc de C ea = C^iR-'r fd (2-19) 
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These identities hold also for R — > R 1 and can be proved using the explicit ex- 
pression Q2.81) of R. 



We note the useful relations, easily deduced from fl2.15|) : 

C ab R ab cd = er*- N C cd , C cd R ab cd = er^ N C ab (2.20) 

The co-structures of the B n ,C n , D n multiparametric quantum groups have the 
same form as in the uniparametric case: the coproduct A, the counit e and the 
coinverse k are given by 

A(T\) = T\®T b c (2.21) 
e(T\)=6 a b (2.22) 
k(T\) =C ac T d c C db (2.23) 

Four conjugations (i.e. algebra antihomomorphism, coalgebra homomorphism and 
involution, satisfying k(k(T*)*) = T) can be defined, but only two of these can be 
extended to the corresponding inhomogeneous groups [p]]. These two are defined as 
follows: 



• trivially as T* = T. Compatibility with the RTT relations (|2.1| ) requires 
Rq^r = R~l = R q -i >r -i, i.e. \q\ = \r\ = 1. Then the CTT relations are invariant 
under ^-conjugation. The corresponding real forms are SO qir (n, n; R), SO q ^ r (n, n + 
1; R) (for N even and odd respectively) and Sp g)r (n; R). 

• on the orthogonal quantum groups SO qtr (2n, C), extending to the multi- 
parametric case the one proposed by the authors of ref. [[UJ for SO q (2n, C). The 
conjugation is defined by: 

(T\)* = V\T C d V\ (2.24) 

T> being the matrix that exchanges the index n with the index n+ 1. This conjuga- 
tion is compatible with the coproduct: A(T*) = (AT)*; for |r| = 1 it is also com- 
patible with the orthogonality relations ( |2.17|) (due to C = C T and also VCV = C) 
and with the antipode: k(k(T*)*) = T. Compatibility with the RTT relations is 
easily seen to require 

{R) n «n+i = R~\ i.e. V 1 V 2 R 12 V 1 V 2 = R^ (2.25) 

which implies 

i) \o.ab\ = |r| = 1 for a and b both different from norn+1; 

ii) 1ab/ r ^ R- when at least one of the indices a, b is equal tonorn + 1. 

This conjugation leads to the real form SO q ^ r (n + 1, n — 1; R), and is in fact the one 
needed to obtain ISO q ^ r (3, 1; ii), as discussed in ref.s [!J and later in this paper. 

Remark 2.4: Using formula (|2.3|) or ( [2.8|) , we find that the R AB CD matrix for 
the SO q:r (N + 2) and Sp q ^ r (N + 2) quantum groups can be decomposed in terms of 
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SOq tr (N) and Sp qtr (N) quantities as follows (splitting the index A as A=(o,a, •), 
with a = 1, ...JV): 
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(2.26) 

where R ab cd is the R matrix for SO q ^ r (N) or Sp q<r (N), C a b is the corresponding 
metric, A = r — r -1 , p = N+1 ~ e (r p = C. ) and f(r) = A(l — er~ 2p ). The sign e has 
been defined after eq. s (|2.8|) . 

3 The quantum inhomogeneous groups ISO q ^ r (N) 
and ISp q:r (N) 

An .R-matrix formulation for the quantum inhomogeneous groups ISO q<r (N) and 
ISp q>r (N) was obtained in ref. |lj], in terms of the R AB CD matrix for the SO q>r (N +2) 
and Sp q ^ r (N + 2) quantum groups. It was found that the quantum inhomogeneous 
groups ISO q ^ r (N) and ISp q ^ r (N) are freely generated by the non-commuting ma- 
trix elements T A B [A=(o,a, •), with a = 1, ..JV)] and the identity /, modulo the 
relations: 

T a o = T\ = T\ = 0, (3.1) 

the RTT relations 

T)AB rpE rpF rpB rpA T}EF I o Q\ 

n EF 1 C 1 D — 1 F 1 E n CDi 

and the orthogonality (symplecticity) relations 

riBCrpA rpD r^AD r~i rpA rpC r< In n\ 

^ 1 B 1 C — ^ > ^AC 1 B 1 D — <^BD 

The co-structures of ISO qtr (N) and ISp qtr (N) are simply given by: 

A(T A B )=T A C ®T C B , k{T a b ) = C AC T D C C DB , e(T A B ) = 5 A . (3.4) 
After decomposing the indices A=(o, a, •), and defining: 

u = T\, v = T\, z = T°„ x a = T\, y a = T\ (3.5) 
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the relations (EO) and (13.31) become 



R ab ef T\T f d = T b f T\R ef cd (3.6) 
T\C bc T d c = C ad I (3.7) 
T a b C ac T c d = C bd I (3.8) 



T\x a = — R ab ef x e T f d (3.9) 
qd. 

Pf cd x c x d = (3.10) 

T b d v = ^vT b d (3.11) 

x b v = q b .vx b (3.12) 

uv = vu = I (3.13) 

ux b = q b .x b u (3.14) 

uT b d =^T b d u (3.15) 
Qd* 

y b = -r"T\C ac x c u (3.16) 
' 3 



x b C ba x a u (3.17) 



where g a . are iV complex parameters related by q a , = r 2 /q a / 9 , with a' = N + 1 — a. 
Note that in the symplectic b C ba x a = so that the constraint (|3.17j ) reads 



z = 0. The matrix Pa in eq. ( |3.10| ) is the g-antisymmetrizer for the B, C, D g-groups 
given by (cf. ( [2.16D ): 



Pf ^ = -^1^ cd - r5 a J b d + _L_r^_c«*C7 rf ). (3.18) 

The last two relations Q3.16| ) - ( |3.17| ) are constraints, showing that the T A B matrix 
elements in eq. (|3.2j ) are really a redundant set. This redundance is necessary if 
we want to express the g-commuations of the ISO q ^ r (N) and ISp q ^ r (N) basic group 
elements as RTT = TTR (i.e. if we want an i?-matrix formulation). Remark that, 
in the R- matrix formulation for IGL q!r (N), all the T A B are independent ||, [|. Here 
we can take as independent generators the elements 

T a b} x a } v,u = v~ 1 and the identity I (a — 1, ...N) (3.19) 



The co-structures on the ISO q>r (N) generators can be read from ( |3.4j ) after decom- 
posing the indices A = o, a, •: 

A(T a b ) =T a c ®T c b , A(x a ) =T a c ®x c + x a ®v , (3.20) 
A(v)=v®v, A(u) = u®u, (3.21) 
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K (T\) = C ac T d c C db = e a e b r-^ +Pb T y ' a , , (3.22) 
K (x a ) = -K{T a c )x c u , k(v) = u , k(u) = v , (3.23) 

e{T\) = 5 a b , e(x a ) = 0, e(u) = e(v) = e(I) = 1 . (3.24) 

In the commutative limit g — > l,r — >• 1 we recover the algebra of functions on 
ISO(N) and ISp(N) (plus the dilatation v that can be set to the identity). 

Note 3.1 : as shown in ref. 0, the quantum groups ISO qtr (N) and ISp q ^ r (N) 
can be derived as the quotients 

SO q , r (N + 2) S Pq , r (N + 2) 

H ' if (d - 25j 

where if is the Hopf ideal in SO qtr (N + 2) or Sp q:r (N + 2) of all sums of monomials 
containing at least an element of the kind T a ,T* b ,T* Q . The Hopf structure of 
the groups in the numerators of (|3.25|) is naturally inherited by the quotient groups 
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We introduce the following convenient notations: T stands for T a Q , T* b or T* , 
S qtr (N + 2) stands for either SO q<r (N + 2) or Sp q<r (N + 2), and we indicate by 
En+2 and kn+2 the corresponding co-structures. 

We denote by P the canonical projection 

P : S q , r (N + 2) — ► S q , r (N + 2)j E (3.26) 

It is a Hopf algebra epimorphism because H = Ker(P) is a Hopf ideal. Then any 
element of S qtr (N + 2)/H is of the form P(a) and 

P(a) + P{b) = P(a + b) ; P(a)P(b) = P(ab) ; /iP(a) = P(jw), /i£ C (3.27) 

A(P(a)) = (P®P)A w+2 (a) ; e(P(a)) = ^(a) ; n(P(a)) = P(n N+2 (a)) (3.28) 

Eq.s ( p.6| ) - ( p. 17] ) have been obtained in [|I|] by taking the P projection of the RTT 
and CTT relations of S q>r (N + 2), with the notation u = P(T° Q ), v = P(T* .), z = 
P(T°.), x a = P(T\), y a = P(T°J, T a b = P(T\) ; / = P(J) ; = P(0), cf. 



ATote 3.2 : From the commutations ( 3.1 4] ) - ( |j.l5| ) we see that one can set u — I 
only when q am = 1 for all a. From q a , = r 2 /q a t m , cf. eq. (|2.7|), this implies also 
r — 1. 



Note 3.3 : eq.s ( p. 10 ) are the multiparametric (orthogonal or symplectic) quan- 



tum plane commutations. They follow from the ( a .\) RTT components and (|3.17| ). 

Finally, the two real forms of S qtr (N + 2) mentioned in the previous section are 
inherited by IS qr (N), with the following conditions on the parameters: 

• \lab\ = \lam\ = \r\ = 1 for ISO q>r (u, 7i; Ji) , ISO qtr (n, n+1; .R) and ISp qjr (n; R) . 
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• For ISO q ^ r (n + 1, n — 1; R) : |r| = 1; |g a .| = 1 for a ^ n, n + 1; |g a b| = 1 for 
a and 6 both different from n or n + 1 ; <7 a &/r e R when at least one of the indices 
a, 6 is equal tonorn + 1; 9 a »/ r G -R for a = n or a = n + 1. 

In particular, the quantum Poincare group ISO q}r (3, 1;R) is obtained by setting 
\qu\ = \r\ = 1, 92. A G R, qn/r G i?. 

According to Note 3.1, a dilatation-free g-Poincare group is found after the 
further restrictions q\ m — q 2m = r = 1. The only free parameter remaining is then 

4 Universal enveloping algebra U(S q ^ r (N + 2)) 

The universal enveloping algebra of S q>r (N+2), i.e. the algebra of regular functionals 
on S qtr (N + 2), is generated by the functionals L 1 * 1 , and the counit e. 

The linear functionals on S q>r (N + 2) are defined by their value on the matrix 
elements T A B : 

L ±A B (T C D ) = (R±) AO BD , L± A B (I) = 5 A (4.1) 

with 

(R + ) AC BD = R CA DB > (#~) AC RD = {R~ l ) A °BD ■ ( 4 - 2 ) 

To extend the definition ( [4.1| ) to the whole algebra S q ^ r (N + 2) we set 

L ±A B {ab) = L ±A c (a)L ±c B (b) Va, & G S 9 , r (iV + 2) . (4.3) 

The commutations between L ±A B and £ ±C d are given by: 

Ri 2 LfLf = LfL 2 R± 2 , R\2L 2 L 1 = L x L 2 R\ 2 , (4.4) 

where as usual the product L 2 Lf is the convolution product L 2 Lf = (L 2 ® Lf )A. 

JVote 4. J : L + is upper triangular and L~ is lower triangular. Proof: apply L + 
and L~ to the T elements and use the upper and lower triangularity of R + and R~ , 
respectively. 

The L ±A B elements satisfy orthogonality conditions analogous to ( p.3|) : 

C AB L ±C B L ±D A = C DC e, C abL ±b c L ±a d = Cdc £ (4-5) 

as can be verified by applying them to the g-group generators, and using (|2.19| ). 
They provide a quantum inverse for L ±A B : 

(L^s)- 1 = C DA L± C D C BC (4.6) 

The co-structures of the algebra generated by the functionals L and e are 
defined by: 

A'(L ±A B )(a <g> b) = L ±A B (ab) = L ±A G (a)L ±G B (b) , (4.7) 
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e'{L ±A B ) = L ±A B (I) ; k'{L ±a b ){o) = L ±A B (K(a)) = (L± A B )-\a) , (4.8) 
so that 

A>(L ±A B ) = L ±A G ®L± G B , (4.9) 

e'(L± A B ) = S A ; k'(L ±a b ) = (L ±A B Y X = C DA L ±C D C BC . (4.10) 

The *-conjugation on S q<r (N + 2) induces a *-conjugation on U(S q , r (N + 2)) in 
two possible ways (we denote them as * and Jj-conjugations): 



<f>*(a) = <f>(K(a*)) ; <f>\a) = ^(r-^o*)) (4.11) 

where G U(S q ^ r (N + 2)), a G S q<r (N + 2), and the overline denotes the usual 
complex conjugation. Both * and Jj can be shown to satisfy all the properties of 
Hopf algebra involutions. It is not difficult to determine their action on the basis 
elements L ±A B . The two S q , r (N + 2) ^-conjugations of the previous section induce 
respectively the following conjugations on the L ±A B : 

(L ±A B )* = L ±A B (4.12) 
(L ±A B y = V A C L± C D V D B (4.13) 

To find (L ±A B f one uses the general formula = n' 2 [(</>)*], deducible from the 
compatibility of both conjugations with the antipode: k'~ 1 (0*) = [«/(</>)]*, k 1 ' 1 ^) = 

5 Bicovariant calculus on S qjr (N + 2) 

The bicovariant differential calculus on the uniparametric g-groups of the A, B, C, D 
series can be formulated in terms of the corresponding i?-matrix, or equivalently 
in terms of the L ± functionals. This holds also for the multiparametric case. In 
fact all formulas are the same, modulo substituting the q parameter with r when it 
appears explicitly (typically as ~z~i )■ 

We briefly recall how to construct a bicovariant calculus. The general procedure 
can be found in ref. |12|, pL3 1 , or, in the notations we adopt here, in ref. fl~4]j . It 



realizes the axiomatic construction of ref. [15|. 



As in the uniparametric case [12), the functionals 

f*\ = k'(L + \)L-\. (5.1) 
and the elements of A = S q:T (N + 2): 



M% a a ^T\k(T a B2 ). (5.2) 
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satisfy the following relations, called bicovariant bimodule conditions, where for 
simplicity we use the adjoint indices k, ... with 1 = ^ , j = A B : 

/', ; :'(/ ; , ( ! 6}, (5.3) 

A(M/) =M j l ®M l l ; e(M/) = 5} , (5.4) 
M i i (a*f i k ) = (f i ,*a)M fc * (5.5) 

The star product between a functional on A and an element of A is defined as: 

x *a = (id®x)A(a), a*x= (x®id)A(a), aeA, X e A' (5.6) 

Relation fl5.5|) is easily checked for a = T A B since in this case it is implied by the 
RTT relations; it holds for a generic a because of property (|5.3|). 

The space of quantum one-forms is defined as a right A-module T freely 
generated by the symbols oj Ai 2 : 

rM«Xl, ^\eA (5.7) 

Theorem 5.1 (due to Woronowicz: see Theorem 2.5 in the last ref. of [TJJ, p. 143): 
because of the properties ( |5.3|) , T becomes a bimodule over A with the following 
right multiplication: 

= (/a? 2I V ^ M) 

in particular: 

<T R s = (R-Y% Ai (R~Y% s T R t^ (5.9) 

Moreover, because of properties (p.4[), we can define a left and a right action of A 
on T: 

A L :T^A®r ; A L (au£ 2 b) = A{a) {I ® u^ 2 ) A(b) , (5.10) 
A R : T -> T ® A ; A^oo^fe) = A(o) Kf 2 <g> M^ 2 ^ 2 ) A(6) . (5.11) 

These actions commute, i.e. {id® A R )A L = (A L ®id)A R because of (|5.5| ), and give 
a bicovariant bimodule structure to T. 

The exterior derivative d : A — > T can be defined via the element r = 
X^a^a 4 ^ T. This element is easily shown to be left and right-invariant: 

A L (r) = /®r ; A R (r) = r ® I (5.12) 

and defines the derivative d by 

da = —[Ta — ar]. (5.13) 

The factor is necessary for a correct classical limit r — > 1. It is immediate to 

prove the Leibniz rule 

d(ab) = (da)b + a(db), Va, fee A . (5.14) 
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Another expression for the derivative is given by: 

da = ( X \ * a) u A * (5.15) 
where the linearly independent elements 

X A B = 7 ^z- 1 [fc CA B-^e] (5.16) 

are the tangent vectors such that the left-invariant vector fields x A b* are dual to 
the left-invariant one- forms uj a a x 2 . The equivalence of (|5.13|) and (|5.15 ) can be shown 
by using the rule ( |5.8| ) for ra in the right-hand side of ( |5.13| ). 
Using (|5.15| ) we compute the exterior derivative on the basis elements of 5*^^.(^ + 2): 

d T\ = ^^[{R-r^T{R- l ) TE SB T A c-^T A B ] u£ = TW S (5.17) 
where we have 

Y^iBx — |Y P-l^i-Bi (r>-l\TE xBi^Au _ K A 1 B 1 , h-l\A 1 B 1 

A A 2 B 2 = ~ _ r _i [K K ) Et{ K ) B 2 A 2 ~ B 2 °A 2 \ - zK A 2 B 2 ~{ K ) A 2 B 2 

(5.18) 

with z = er N ~ e , K Al g B , 2 = C A ^C MB2 . [From ( gig ), the second equality in ( Plgp 
is easily proven.] Every element p of T, which by definition is written in a unique 
way as p = a Al a 2 u; a a ' S can a l so be written as 

P = J2a k db k (5.19) 

k 

for some a k , b k belonging to A. This can be proven directly by inverting the relation 
( |5.17| ). The result is an expression of the uo in terms of a linear combination of 
n(T)dT, as in the classical case: 

^ 2 = Y A J* B2 <T%)dT c B2 (5.20) 

* A 2 B 

given explicitly by 



where Y satisfies X A ^% B2 Y B Jf> = 5 A \8% , Y Ai A ^X B % C2 = 5^ and is 



y Al B A2B2 = a[(z - X)C AlBl C A ^ + C AlD R D % Bl C CB > - _ A _^ D A l(D-')\] 

Z\Z Z J 

(5.21) 

with a = z ( z _z-i_ X ) an d D E C = C ef Ccf- The r = 1 limit of (|5.17|) is discussed in 
the next section. 

Due to the bi-invariance of r the derivative operator d is compatible with the 
actions A L and A R : 

A L (adb) = A(a)(id ® d)A(b) , A R (adb) = A(a)(d <g> id)A{b) , (5.22) 
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these two properties express the fact that d commutes with the left and right action 
of the quantum group, as in the classical case. 

Remark 5.1: The properties Q5.14 ), (|5.19 ) and ( |5.22|) of the exterior derivative ( |5.15 ) 



realize the axioms of a first-order bicovariant differential calculus (115 



The tensor product between elements p, p' G T is defined to have the properties 
pa ® p' = p ® ap', a(p (g) p') = (ap) ® p' and (p <8> p')a = p Cg> (p'a). Left and right 
actions on T £g> T are defined by: 

A L (p ® p') = p x p\ ® p 2 ® p' 2 , A L :r®r^A®r®r (5.23) 

A R (p®p') = p x ® p' t ® p 2 p' 2 , A R :T ®T ®T ® A (5.24) 
where pi, p 2 , etc., are defined by: 

A L (p) = p! <g> p 2 , pi e A, p 2 e r ; A jR (p) = pi <g> p 2 , pi e r, p 2 e A . 

The extension to T® n is straightforward. 

The exterior product of one-forms is consistently defined as: 



^ 2 A ^ 2 = w& 
where the A tensor is given by: 



d 2 



A> 



LO 



D 2 
D 1 



A 



A 2 D 2 \Ci Bi 



Ai I C 2 B 2 U C 



C 2 



LO 



B 2 



A ^2 D 2 |Ci B 1 _ r A 2 B X / \/fC\ D 2 \ _ 
1 ^A 1 D 1 \ C 2 B 2 = Ja 1 B 2 \ 1V1 C 2 D 1 ) — 

This matrix satisfies the characteristic equation: 

(A + r 2 /) (A + r- 2 I) (A + er^ 1 "*!) (A + er~ e - 1+JV 'l)x 
(A - er- e+1+JV 7) (A - er^ 1 '* I) (A - /) = 



(5.25) 



(5.26) 



(5.27) 



due to the characteristic equation ( |2.13j ). For simplicity we will at times use the 
adjoint indices i, j, k, ... with 



B 

A ? * 



A B . Define 



( P T PA 0,2 d2 \ Cl bl — rl^rl" 1 R 6 i/2 ( p T \cigi (ff-l\a 2 ei I p\d 2 g 2 



(5.28) 



where Pj = Ps,Pa,Po are given in (|2.16| ). The (Pj,Pj) are themselves projectors, 
i.e.: 

(Pj,Pj)(P k ,P l ) = Sj K 8j L {Pj,Pj) (5.29) 

Moreover 

(/,/) = / (5.30) 

From (|5.25 ) we find 



Z J M u A to 1 



(5.31) 
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with 

Z = (P s , Ps) + (Pa, Pa) + (P , Po) - I (5.32) 



see ref. [16]. The inverse of A always exists, and is given by 



( A 2 D 2 \Bi Gi _ r D 2 Bi (rpA 2 u .-X(rpU\ \ \ _ 

\ IV JAi Di I B 2 C 2 ~ JDi B 2 l J C 2 K \ L Axil ~ /r oo\ 

_ p^i-Bi {r>~l\A 2 Gi ( r>~l\D 2 E 2 r>G 2 Ci /j-I'SCjJ ^ ' ' 

- K AiGii K ) E 2 DA K > G 2 C 2 K B 2 F 1 { d ) d Fi 

Note that for r = 1, A 2 = / and (A + J) (A — I) = replaces the seventh-order 
spectral equation ( |5.27| ). In this special case, one finds the simple formula: 

J A = -A ij kl u k A J i.e. Z = A . (5.34) 



Using the exterior product we can define the exterior differential on F : 

d : T — > T A T ; d(a,kdbk) = da k A dbk (5.35) 
which can easily be extended to r An (d : r A ™ — > r A<n+1 \ T An being defined as in 



the classical case but with the quantum permutation (braid) operator A [H)|). The 
definition ( |5.35| ) is equivalent to the following : 

dd = - — -— y[t A9 — (—l) h 9 A t], (5.36) 

where 9 £ T Ak . The exterior differential has the following properties: 

d{6 A 6') = d6A6' + (-ife A dd' ; d{d6) = , (5.37) 

A L {6d6') = A L (9)(id ® d)A L {6') ; A R {6dO') = A R {6){d ® id)A R (e'), (5.38) 
where # £ T Afc , 0' £ T An . 

The qr -Cartan-Maurer equations are found by using ( |5.36| ) in computing 

fag = ^-T« A < 2 + ug A W /) = -\C%%\£ u,£ A < 2 (5.39) 
with: 

r Ai By | C 2 _ 2 [7 S C21A1 Bi , rAi rC 2 rBii /r 4n x 

^A 2 B 2 \C X - / _ r -iy Z B Ci I A 2 B 2 + °C 1 °A 2 0b 2 \ {3 A V) 

To derive this formula we have used the flip operator Z on uj b b A uj^ . 
Finally, we recall that the % operators close on the g-Lie algebra : 

XiXj - A kl llX kXi = C tj k Xk (5.41) 
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where the g-structure constants are given by 

<V = X*(M/) explicitly: = -J-^-****^ + A B B g\\%]. 

(5.42) 

The C structure constants appearing in the Cartan-Maurer equations are in general 
related to the C constants of the g-Lie algebra |i"4fl : 



Cjfe 1 — T^Pjh % ~ A rs jk^rs l ] ■ (5.43) 



In the particular case A 2 = I (i.e. for r = 1) it is not difficult to see that in fact 
C = C, and that the g-structure constants are A-antisymmetric: 

C jk * = -A" jk C rs \ (5.44) 

The x an d / operators close on the algebra (|5.41|) and 

A%/%/% = / n iTs^ „ (5-45) 

c m ;r 3 r k + r jXk = A pq jk x P f q + c jk l p x (5.46) 

Xkf\ = A 3 kl f n iXj , (5.47) 
This algebra is sufficient to define a bicovariant differential calculus on A (see e.g. 



||17||), and will be called "bicovariant algebra" in the sequel. By applying the rela- 
tions defining the bicovariant algebra to the element M r s we can express them in 
the adjoint representation: 

C ri n C nj s - A kl l3 C rk n C nl s = C l3 k C rk s (q-Jacobi identities) (5.48) 
A%A* fc rp A js kg = A nk ri A ms kj A ij pg (Yang-Baxter) (5.49) 

f~i i \ml \ns i \il s _ \pq \is r< I , f-i m a is /r rn\ 

^mn Iy rj IV Ik Iv rj 1 - 'Ik ~ Iv jk IV lq^ rp ~^^jk Iy rm \O.OV) 

*~i m \ns _ \ij \nm *~i s /r ri\ 

Wfc IV ml — IV kl IV ri^mj {O.QL) 



Using the definitions ( 5.16| ) and (|5.1|) it is not difficult to find the co-structures 
on the functionals % an d /: 



A'(X<) =Xj®f j i + z®Xi 
e\Xi) = 

«'(Xt) = -XjK'if i) 



f 



fk 

J 3 ' 



e'(f ,) = *;■. 

K'{f k 3 )f i = S k e = f k jK '(f t ) . 



(5.52) 



Note that in the r, q — > 1 limit f l ■ — > 8jS, i.e. f % j becomes proportional to the 
identity functional and formula (|5.8j), becomes trivial, e.g. u l a = au 1 [use e*a = a}. 



Note 5.1: The formulae characterizing the bicovariant calculus have been written in 
the basis {x B }, WcP} because of the particularly simple expression of the f a° d 



15 



and x A b functional in terms of L ±A b, see ( |5.1| ) and (|5.16|) . Obviously the calculus 
is independent from the basis chosen. If we consider the linear transformation 



CO 



(where we use adjoint indices 1 = a^ 2 , j = Bi b 2 ), from the exterior differential 



da = (xi * a)u l = (x- * a)u n 



(5.53) 



we find 



Xi 



and from the coproduct rule ( |5.52| ) of the \% we find Pj ~^ f l j — X\f l m (X~ 
while from (|5Ul| ) we have Mj M'j = (X^^M^X? m . 

A useful change of basis is obtained via the following transformation: 



1 \m . 



X A2 Wa x — X B2 1 B1A1 



A1B1 , , B 2 
A 2 B 2 UJ B 1 

B 1 v B 2 A 2 



(5.54) 



where X and its (second) inverse Y are defined in (|5.18| ) and ( |5.21| ). Using ( |5.20| ) 
it is immediate to see that 



n 2 = <T%)dT c A2 . 



We also haveQ : 



^Ai 2 (T%)=^(T%)=6ZSZ where T% 



A 2 ^B 



B 2 



Formula ( |5.56|) follows from if) A A2 (I) = and: 



lA-L 
An 



n{T%)dT c M = «(T* )(y, * * T c M )d\ 
<T%)T C D ^(T\)$% = < 2 (T\)n 2 



The analogue of the coordinates T B ^ 2 in the old basis is given by 



x 



B 2 
Bi 



v B 2 C 2T d A- L 1 B 2 \ _ s;Aij:B 2 

1 B 1 Ci 1 C 2 1 X A 2 l X Bi I — °B 1 °A 2 



(5.55) 



(5.56) 



(5.57) 



(5.5* 



Compatibility of the conjugation defined in ( |4.11| ) with the differential calcu- 
lus requires (Xi)* to be a linear combination of (k') -2 ^), or (xif to be a linear 
combination of the x%- This follows from Theorem 1.10 (Woronowicz) of last ref. in 



151 , and from equations (|4.11| ) with = x- 



1 We recall from [g_5| (|19|]) that the quantum group elements (coordinates) such that 

x J G Kere and Xi{ xJ ) — $1 
are uniquely defined by these two conditions. Notice, by the way, that /' j(a) — Xji xl(1 ) ■ 
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From the definitions ( |5.1|) , ( |5.16|) , it is straightforward to find how the * and (j 
conjugations act on the tangent vectors x- Both the conjugations ( |4.12|) and ( |4.13|) 
satisfy the criteria given above for its compatibility with the differential calculus. 
Indeed the conjugation (P3D yields [use flOD , (|4T0|) , (gg)]: 



(X 



B) 



-er 



-N„,C V F 



X D' 



T>A tdDG n E 
B G 11 FE C 



(5.59) 



with D E C = C EF C CF - To find x* corresponding to (gTg ) just take V A B = 5^ in 



( 5.59 ). The criterion given above for the compatibility with the differential calculus 



is fulfilled since (k') (xi) is a linear combination of x%- 



K 



B) 



(D-y cX c D D» B 



D 



(5.60) 



as can be seen from QSTTBD and n' 2 (L ±A B ) = (D- l ) A c L ±c D D u B , cf. (|CT| ). 

Using the inversion formulae (|5.20|) one finds the induced conjugation on the 
left-invariant one-forms: 



-v F B2 v B dC 



r MG( V A 2 B 2 \y a Ci ,, 



C 2 



(5.61) 



6 Differential calculus on S q ^=\{N + 2) 

As discussed in Section 3, we have obtained the quantum inhomogeneous groups 
IS q>r (N) via the projection 

P : S q , r (N + 2) > gg ' r( ^ +2) = IS q AN) (6.1) 

with if=Hopf ideal in S q:r (N + 2) defined in Section 3. As a consequence, the 
universal enveloping algebra U(IS g!T (N)) is a Hopf subalgebra of U(S qir (N + 2)) 



11, 18 1, and contains all the functionals that annihilate H = Ker(P). 

Let us consider now the x functionals in the differential calculus on S q>r (N + 2). 
Decomposing the indices we find: 

x\ = -^—Tlf c ca b ~ + (6.2) 

ry ry J- iy ny J- 

X a o = ^^-J c c \ (6-3) 

ry ry -L iy ry -L 

X\= + V ^- 1 \f c c \ + f:\] (6-4) 

x a .= +^-J.' a - ( 6 - 5 ) 

X\=^lfr b (6.6) 

X°o = ^-Afo 00 o-e] + ^zt[/ c C ° o + J (6-7) 
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x°.= +^-if-'°. ( 6 - 8 ) 

x'o = VZ ^z- 1 f;\ (6.9) 
X\ = ^~i\fr.-e] (6.10) 



terms annihilating H 

where we have indicated the terms that do and do not annihilate the Hopf ideal H. 
We see that only the functionals x'bi X* an d X*» do annihilate H, and therefore 
belong to U(IS q>r (N)). The resulting bicovariant differential calculus |I3 contains 
dilatations and translations, but does not contain the tangent vectors of S q ^ r (N), i.e. 
the functionals \ a h . Indeed these contain f,' a b , in general not vanishing on H. We 
can, however, try to find restrictions on the parameters q, r such that f 9 ' a b (H) = 0. 
As we will see, this happens for r = 1. For this reason we consider in the follow- 
ing the particular multiparametric deformations called "minimal deformations" or 
twistings, corresponding to r = 1. 

We first examine what happens to the bicovariant calculus on S q<r (N + 2) in the 
r = 1 limit 2 . The R matrix is given by, cf. Q2.8| ): 

R AB AB = dAB + 0(\) (6.11) 

R AB BA = A A>B,A' + B (6.12) 

R AA ' A , A = A (1 - er pA - p *') A> A' (6.13) 
R AA BB , = -\e A e B + 0(A 2 ) A > B, A' £ B (6.14) 

where 0(A n ) indicates an infinitesimal of order > A n ; the qAB parameters satisfy: 

Qab = Qab' = Va>b = Qba I Qaa = Qaa> = 1 (6.15) 

up to order 0(A). Note that the components R AA ' A , A are of order 0(A 2 ) for the 
orthogonal case (e = 1) and of order 0(A) for the symplectic case (e = —1). The 
RTT relations simply become: 

T\T\ = ^1 T \T\ . (6.16) 

QA 1 A2 

For r = 1 the metric is Cab = £a<)ab' and therefore we have Cab = cCba- Using 
the definition (|4.1j ), it is easy to see that 

L ±A A (T C D )= 5 c D q AC + 0(A) (6.17) 



2 By lim r ^i a, where the generic element a £ S Qi r(N + 2) is a polynomial in the matrix elements 
T B with complex coefficients f(r) depending on r, we understand the element of S q , r =i{N + 2) 
with coefficients given by lim,.-^ f(r). The expression lim r _>i <fi = ip, where <fi £ U(S q , r {N + 2)) 
and ip € U(S qir= i(N + 2)) means that lim r ^i </>(a) = ^(lim^i a) for any a € S qtr (N + 2) 
such that lim r ^i a exists. Finally, the left invariant one-forms uf are symbols, and therefore 



lim r _»i aiLu 1 = (lim r ^i a^u 1 [see (5.7) 
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L ±A B {T' 



BK- 1 Aj 
j±A (rr A' 



±A 

: ±A [1 



A ^ B,A' ^ B: A < B for L+, A > B for L~ 



er 



A < A' for L+, A> A' for L~ 



(6.18) 
(6.19) 



■±A (rpA 

J bK 1 b< 



^Xe A 6 B + 0(X 2 ) A^B,A' ^B; A < B for L+, A > B for L~ (6.20) 



all other L (T) vanishing. Relations (|6.18|) and (|6.20|) imply that for any generator 



T C D we have L ±A B (T C DJ 
In general, since 



-e A e B L ±B ' A ,(T c D ) + 0(A 2 ) with A ? B, A ? B' . 



±A 



we find that 



■±A 



■±A 



A i 



±A 



b) 



L 



±A 



j ^Li^ A B -\-L 



±A 



L ±B B +0(X 2 ), A^B 



-±A 



-±A 



B 



0(1) 
0(A), 



A ^ B, A ± B' 



■±A 



0(A 2 ) for S0 q , 0(A) for Sp q 



(6.21) 
(6.22) 
(6.23) 



where, by definition, <p = 0(A n ) (0 being a functional) means that for any element 
a G S qr (N + 2) with well-defined classical limit, we have 0(a) = 0(A n ). 



Moreover the following relations hold: 



■±A 



L tA a + 0{\) 



±a 



e A e B L ±B A , + 0(A) and therefore, k 2 = id + 0(A) 



B) 



(6.24) 
(6.25) 



Similarly one can prove the relations involving the / functionals (no sum on repeated 
indices) : 

f A AA A = e + 0(X) 



(6.26) 

0(1) and f A BA B = fJ'* A ,+0{\) (6.27) 
0(A 2 ) C^A (6.28) 
f c CA B = 0(A 2 ) [A < B, C f B] or [A > B, C f A] (6.29) 



f BA 
J A B 
r CA 
JC A 



[hint: check (|6.27|) - (|6.29|) first on the generators, then use the coproduct in (|5.52p l. 
From the last relation we deduce 



X A B 



X A B 



1 

A* 
1 



^ f BA 
\ J B B 



+ 0(A), 



A 



f A AA B + 0(X), 



A < B 
A > B 



and from ( |6.26[ ) and (6.28) one has 



[f A AA A - e] 



(6.30) 
(6.31) 

(6.32) 



Next one can verify that 
X A b(T b 



A) - Qba + 0(A) 
X A b(T A b >) = e A e B + 0(A) 
X A b{T C d) = otherwise 



A ^ B, A ^ B' 



(6.33) 
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V T C D , x A A (T C n) = -X A 'AT C D ) + 0(A). (6.34) 
Eq.s (|6.33|) yield the relation between \ functionals: 



V T C D , X B 'AT C D ) = -—X A b(T c d ) + 0(A), A + B, A ± B>. (6.35) 

Qba 

It is not difficult to prove that the coproduct rule in (|5.52|) is compatible with 
(|6.35 ) and ( |6.34| ) making them valid on arbitrary polynomials in the T A B elements: 



x B> = _£A££ A + 0(A)) A B A + B , x A a = ^ + 0(A) {QM) 

Finally: 

x \, = 0(A) for SO q , 0(1) for Sp q , A^ A'. (6.37) 
Summarizing, in the r — > 1 limit, only the following x functionals survive: 

X A A = ]im\[f A AA A -e) (6.38) 

X A B = \hn\ f A AA B , A>B,A^B> (6.39) 

X A B = lim i // A B , A < B, A ? B' (6.40) 

r-»l A 

X A A , EE lim i £ /cP* = for SO q , ± for Sp q (6.41) 

r_>1 A c 



Notice that ( |6.36| ) and (|6.37| ) are all contained in the formula: 



X B a> = -—X A b + 0(\) (6.42) 
Qba 

thus in the r — > 1 limit there are (N + 2)(N + l)/2 tangent vectors for SO q (N + 2) 
and (N + 2)(iV + 3)/2 tangent vectors for Sp q (N + 2), exactly as in the classical case. 



The r = 1 limit of ( 5.1 7|) reads: 



dT A B = -E T A c qcB^B - enqueue?) , (6.43) 
c 

and therefore, for r = 1, u appears only in the combination 

Q A B ee u A B - e A e B q AB uJ B A ' , (6.44) 

Only (N + 2)(N + l)/2 [(N + 2)(N + 3)/2 for Spg(iV + 2)] of the (iV + 2) 2 one forms Q A 
are linearly independent because [compare with (|6.42 )1: 



0/ = _M££q/ (645) 
9ab 
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In the sequel, instead of considering the left module of one-forms freely generated 
by uj a b , we consider the submodule T freely generated by Q A B with A' < B for SO q 
and A' < B for Sp q . In fact only this submodule will be relevant for the r = 1 
differential calculus. As in the classical case f\ , in order to simplify notations in 
sums we often use \ A b an d without the restriction A' < B see for ex. ( |6 .50| ) 
below. The bimodule structure on T, see Theorem 5.1, is given by the r — > 1 limit 
of the f 1 j functionals. These are diagonal in the i,j indices [i.e. they vanish for 
i 7^ j, see ( |6.26j )-( |0^ )1 and still satisfy the property (|5.3|). We have: 

Q/a = (u/ - e A e B q AB uj^')a 

= Ua BC d * a )^c - £AeBqAB(f B * D 'c« * a )^D'' ( 6 - 46 ) 

= (f A BA B*a)n A B 

where in the last equality we have used (|6 . 2 7| ) and no sum is understood. We 
see that the bimodule structure is very simple since it does not mix different JTs. 
Moreover, relation ( |6.43 ) is invertible and yields: 

n A B = -q AB K{T B c )dT c A ; (6.47) 

in the limit q A B — 1> the Q A B are to be identified with the classical one-forms, and 
indeed for qAB = 1 e q- ( |6-47| ) reproduces the correct classical limit Q = —g~ l dg for 
the left-invariant one-forms on the group manifold. 

The bimodule commutation rule ( 6.46| ) yields a formula similar to ( |5.9j ). Re- 
placing the values of the R matrix for r = 1 we find the commutations: 

Q A *T R S = ^T R S Q A A2 (6.48) 
For r = 1 the coproduct on the x functionals reads 

A'(^b) = x A b ® f a BA b + e ® X A b no sum on repeated indices. (6.49) 

cf. (|5.52 ). We then consider the r = 1 limit of ( |5.15 ) and therefore define the 
exterior differential by: 

da ee \( X A B * a)n A B = ]T (x A b * a){l A B , Va E A , (6.50) 

A A'<B 



3 To make closer contact with the classical case one may define: 

n AB = a c B c CA = e A n B ■ Xab ee c AcX c B = £ax a b 

and retrieve the more familiar g-antisymmetry: 

M AB = -eq B A^ BA ; Xab = -ZQABXba ■ 
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where in the second expression we have used the basis of linear independent tangent 
vectors {x A b\a'<b and dual one-forms {VL a b }a'<b (notice that in the SO q case we 
have A' < B because X A A = ^a = 0)- The Leibniz rule is satisfied for d defined in 
(|6.5CI|) because of ( |6.49|) and ( |6.46| ). Moreover any p = a A B Q A B e T can be written 
as p = EfcCtfcrf&fc, [use (|6.47|) 1 . 

We now introduce a left and a right action on the bimodule T of one-forms: 



A(a) I ® fi/ 



A fl (afi/) = A(a){Q c D ® M c B ^ 



DA 



(6.51) 
(6.52) 



where M DA 3 = T c A n(T B D ). [Using (|6.44j ) one can check that this is the r = 1 limit 



QAB 



n 



of ( |510D and (|5TT|) .1 Relation (|6T52D is well defined i.e. A R (n^ ) = A R 

because 6p6eC[feM^i A b = €a£b<IabM e fb , a ' . Since in the r = 1 case the bicovariant 
bimodule conditions (|5.3|) , ( |5.4|) and (|5.5|) are still satisfied, it is easy to deduce that 
Al and A R give a bicovariant bimodule structure to T. 

The differential ( |6.50| ) gives a bicovariant differential calculus if it is compatible 
with Ax, and A R , i.e. if: 



A L (adb) = A(a){id <g> d)A(b) , 
A R (adb) = A(a)(d®id)A(b) . 



(6.53) 
(6.54) 



The proof of the compatibility of d with is straightforward, just use (|6.50|) and 
the coassociativity of the coproduct A. In order to prove ( |6.54j ) it is sufficient to 
prove the following 



Theorem 6.1: 



A R (db) = (d®id)A(b) 



Vb . 



(6.55) 



Proof: We first review how the theorem is proved in the r ^ 1 case. On the left 
hand side we have 

A R (db) = A R [( Xl * b)tJ) = A[b lXi (b 2 )}oo j ® M/ = b x J ® b 2Xi (h)M j i (6.56) 

with (A (g) id)A{b) = (id ® A)A(6) = b x ®b 2 ®b 3 [cf. (pOQI, while for the right 
hand side 

(d ® id)A(b) = dbx ®b 2 = b lXj (b 2 )u j ®b 3 = b x u j ® Xj {b 2 )b 3 ■ (6.57) 
Therefore ( |6.55| ) holds if and only if 

huP ® b 2Xl (b 3 )M/ = huj j ® Xi(6 2 )&3 (6.58) 
and this last relation is equivalent to 

hXiihWj* = Xj (h)b 2 , i.e. Xi*6=(6*%0«(^i i ) (6-59) 
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as one can verify by applying m{K®id)AL®id (m denotes multiplication) to ( 6.58|) , 
and using the linear independence of the a;\ Now formula (|6.59|) holds also in the 
limit r — 1. Indeed if we consider b to be a polynomial in the T A B with well 
behaved coefhcents in the r — > 1 limit, then \ira r ^i\biXiib2)M- 1 ] = lim^ifx^&i)^] 
i.e. &i[lim r ^i Xi(p2)]Mj l = [lim^i Xj(^i)]^2 so that relation ( |6.59| ) remains valid for 
r = 1, cf .( |6.38|) -( |3.4i|) . At this point one can prove Theorem 6.1 in the r = 1 case 
simply by substituting Q to uj in ( |6.56| ), ( |6.57] ) and ( |6.58| ). Since ( |6.59D holds for 
r = 1, then also ( |6.58|) holds in this limit and the theorem is proved. □ 



Relation ( |6.59|) has an important geometrical interpretation: the left invariant 
vector field Xi* (associated with the tangent vector Xi) can be expressed in terms 
of the right invariant vector fields *Xi via the "deformed functions on the group" 
k(M/) [@. 



In virtue of Remark 5.1 we conclude that ( |6.50| ) defines a bicovariant differential 
calculus on S q (N + 2). 



Note 6.1 : in the right-hand side of ( |6.59| ) the sum on the indices j = (C,D) can be 
restricted to C < D , thus using the basis {x°d}c'<d, provided one replaces M by 



M_ C DA B = M C DA B - e c e D q DC M D aA B 
M_^,/eeO , M_ c n /' = 

M C T A ' 



C'A 

M. c B 



C A' 
DA 
C A' 



for C ^ D, A' 

for SO q (6.60) 



C'A =M C C , A B , M^ DA -=M- DA ^ iorS Pq 



This is easily seen from (|6.42|) . We can also write A R (aQ A B ) = J2c<D ^(^(^c ® 
cf. ( |6.52|) , thus using the basis {^c D }c<d- According to the general theory 

DA 



DA 

151, the elements M_ 



' B with C < D, A' < B are by definition the adjoint elements 

for the differential calculus on S qr= i(N + 2). Since the calculus is bicovariant 

a r 

DA 



[cf. (|6.530 , (|6.54j) 1 we know a priori that the M_ C DA B with C < D, A' < B satisfy the 
properties (|5.4| ) and (|5.5|). f\ 



It is useful to express the bicovariant algebra ( |5.41| ), ( j5.45| )-( fh4"T| ) in the 



r 



4 A direct proof in the SO q case is also instructive. We call P- the "q-antisymmetric" projector 
defined by: 



r> A D 1 /jicD X B' , D \ 

P- bc = ^ c ■°b- ( 1bao c de A ,) = 


^ d C d B - 


qCD&c S A>) ■ 




Then one easily shows that P- A BC D = —qBAP- B A 'D C 


p A D 

r - BC 


= -qc D P- A BD ? 


and 


no P _ j i = <>< , P _J Xj = Xl , P _ k ifk 5 


= fkP- 3 k 


p i f k p n 

1 — k J n 1 j 




M-J = 2P-i l Mii = 2Mi l P-ii , M-J = P-jALt* = 




= 2P-i a M-oP = 


2M-i 



where greek letters a, (3 represent adjoint indices (A\,A2), (Bi,B%) with the restriction 
A[ < A 2 , B[ < B 2 . It is then straightforward to show that A (ML/) = M- i a ® M _J and 
e{APj) = 5P. Applying P_ to O) and using = unless i = j cf.(|6^26|)-(|6^29|) one also 
proves Mj (a * = [f 3 a * a)M k . These formulae hold in particular if all indices are greek, 
thus proving ( p5l| ) and (O) for SO q , r= i(N + 2). 
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limit. Due to the R matrix being diagonal for r — 1, the A tensor A A A2 j^ 2 
fM B B 2 ( M %D? 2 ) takes the simple form: 

a a 1 2 b 1 2 \ B b 2 A a 2 = QA 1 B 2 qA 2 B 1 qB 1 A 1 qB 2 A 2 , otherwise 
Therefore ( |5.45| )-( |5.47| ) read (no sum on repeated indices): 



C 2 B 2 



f f = f f 

C jk % f jf h k + f jXk = A fci jk Xkf l j + C jk % f % 



Xkf 



A 



ik 



ki 



f iXk ■ 



Explicitly the g-Lie algebra ([5.41 ) reads: 



■vA nana ^ -vA 

X C 2 X B 2 - QB^qdB^BidQCiBi X B 2 X C 2 



( 1BiC 2 (1c 2 b 2 (1b 2 Bi^b 2 X B c 2 + Qc 1 B 1 qB 2 B 1 C b 2 c 2 X B c[ 

, ^CiBi B' 2 c-Bi B' 2 

+ QCiB^B^^ X C 2 ~ lB 2 dO C2 X c[ ■ 

The Cartan-Maurer equations are obtained by differentiating (|6.47| ): 



dVtP — QabQbcQcaCcd &c ^ 



L A ~ HABHBVHCA^VU ' ^ "j4 

The commutations between Q 's are easy to find using ( f5.34j ): 

-QA 1 D 2 qD 1 A i qA 2 D i qD 2 A 2 ^D 1 2 A Vt A 2 



Q A A2 A Q D D2 



(6.61) 

(6.62) 

(6.63) 
(6.64) 



(6.65) 
(6.66) 
(6.67) 



Finally, we turn to the *-conjugations given by equations ( 5.59 ) and ( 5.61 
Their r — > 1 limit yields 



C t^D 



= -q BA V C A Q c D V B D ; ( X A bY = -QCdV^ V» u 
and shows that we have a bicovariant *-differential calculus. 



(6.68) 



7 Differential calculus on ISO q ^ r= i(N) 



We reconsider now, in the r — > 1 limit, the functionals given in eq.s (|6.2| )-( ^T0| ). 
We list below the functionals among these that annihilate the Hopf ideal: 

—Afc ca b -5 a b e} 



X\ 



A o 

X*b 

X°o 

x\ 



1 



1 



_ -f ca 
I J c o 



1 



— f" 



1 



t[/o°°o-^] 

-[/.*'. -*] 



(7.1) 
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Note that in the r — > 1 limit x'o vanishes for SO q}r= \(N + 2), and does not vanish 
in the case Sp qtr= i(N + 2). We treat here the orthogonal case, both for simplicity 
and because we are more interested for physical reasons to orthogonal (rather than 
symplectic) inhomogeneous q-groups. The reader can easily extend our discussion 
to the symplectic case, and include the x'o tangent vector (besides the diagonal 

X a 'a)- 



Taking all the x' s given in one obtains a differential calculus containing 
dilatations (because of the presence of x° Q an d X*.)- It is however possible to exclude 
the generators x° an d x'» from the list, and obtain a dilatation- free bicovariant 
differential calculus. This we will discuss in the rest of this section, while, in a more 



general setting, the case with dilatations is discussed in ref. [IS 



For r = 1 the x's in ( |7.1| ) are not independent, cf. relation ( |b.42j ) of previous 
section, and we have: 

x b ' a > = -q ab x a b , x b 'o = -—x' b , x° = -x\ (7-2) 

qb. 

Therefore we consider x a b( a ' < ^X'j as a candidate basis for the tangent vectors 
on ISO qir= i(N). We will show that these x functional indeed define a bicovariant 
differential calculus on ISO q ^ = i(N). 

Theorem 7.1: the functionals /* •, obtained from those of SO qir= i(N + 2) by 
restricting the indices to i — ab, annihilate the Hopf ideal H. 

Proof: According to the results of the previous section, the only non-vanishing 
functionals with indices % = ab, •& are 

p a 2 bi _ ^(j+bi \r-Q2 
Jai b 2 — K \ lj aj-k b 2 

/.- 62 = k(L + '.)L-\ (7.3) 

To prove the theorem, first one checks directly that the functionals ( |7.3| ) vanish 
on the generators T of the ideal H, i.e. on T = T a ,T* b ,T* a . This extends 
to any element of the form aTb (a,b G SO qjr= i(N + 2)), i.e. to any element of 
H = Ker(P), because of the property ( |5.3| ) which in the SO q ^ r= i(N + 2) reads 
^7v+2(/*i) = Pi ® f % i si nce the functionals f l • vanish when i ^ j. □ 

Thus the functionals Xi an d /' i with i = ab, mb, which we denote collectively 
by the symbol /, all vanish on H. Then these functionals are well defined on the 
quotient ISO q ^ r= i(N) = SO q ^ r= i(N + 2) / Ker(H) , in the sense that the "projected" 
functionals 

/ : ISO g>r=1 (N) - C, f(P(a)) = f(a) , Va G SO q<r=1 (N + 2) (7.4) 

are well defined. Indeed if P(a) = P{b), then f(a) = f{b) because f(Ker(P)) = 0. 
This holds for any functional / vanishing on Ker(P). 
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The product fg of two generic functionals vanishing on KerP also vanishes on 
KerP, because KerP is a co-ideal (see ref. [0): fg(KerP) = (f®g)A N+2 (KerP) = 
0. Therefore fg is well defined on ISO q;r= i(N); moreover, [use ( |3.28| )1 fg[P(a)] = 
fg(a) — (f ® g)A(P(a)) = fg[P(a)}, and the product of / and g involves the 
coproduct A of ISO qtr= i(N). 

There is a natural way to introduce a coproduct on the /'s : 

A'f[P(a) ® P(b)} = f[P(a)P(b)} = f[P(ab)} = f(ab) = A' N+2 (f)[a ® b] . (7.5) 



It is then straightforward to show, from the relations (|5.52|) for SO q ^ r= i (N + 2) i.e. 
A N+2Xi = Xi ® Pi + £ ® Xi, A' N+2 f\ = f\ <g> that 

A'/', ./•', ./•', i.e. A[P(a)P(6)] = /\[P(a)] f\[P(b)} (7.6) 
A'xi = Xi®/ i i + e®Xi (7.7) 

with i adjoint index running over the set of indices ab, With abuse of notations 
we will simply write / instead of /, and the / in ( |7.3| ) will be seen as functionals 
on ISO q>r=1 {N). 

Consider now the elements M-/ £ ISO q>r= i(N) obtained by projecting with P 
those of SO q)r= i(N+2) and with the restriction i = ab, •& on the adjoint indices. The 
effect of the projection is to replace the coinverse in SO q:r= i(N + 2), i.e. k n+2 , with 
the coinverse k of IS q ^ r= i(N) (see the last of (|3.28| )). The nonvanishing elements 
are: 

M.\ a ^ = T\k{T\) - q b2bl T\K(T a %,) 

M-X. a2 = x bl <T\) - <i^<t\) 

M-\ 2 r=VK{T%) (7.8) 

In the sequel greek letters will denote adjoint indices a = (ai,a 2 ) with a[ < 
a 2 , and a = (•, a 2 ). 

Theorem 7.2: the left A-module [A = ISO qtr= i(N)} T freely generated by the 
symbols Q a is a bicovariant bimodule over ISO q ^ r= i(N) with the right multiplication 
(no sum on repeated indices): 

n a a = (f a a * a)Vl a , a £ ISO q , r=1 (N) (7.9) 

[where the f a g are found in ( [7.3| ) and the ^-product is computed with the co-product 
A of ISO qjr= i(N)} and with the left and right actions of ISO qtr= i(N) on T given 
by: 

A L (a a n a ) = A(a a )I ®Vl a (7.10) 
A R (a a n a ) = A(a Q )Q /3 ® M_£ (7.11) 
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the being given in (fT8|) . 

Proof: we prove the theorem by showing that the functional / and the elements 
M-J 9 listed in (|7.3|) and (|7.8| ) satisfy the properties (|5l | )- (|5.5|) (cf. the theorem 
by Woronowicz discussed in the Section 4). Applying the projection P to the 
SOq >r=1 (N + 2) relation A N+2 (M_f) = M_ a 7 <g> AL^f, one verifies directly that the 
elements M_ a ^ in (|7.8| ) do satisfy the properties (|5.4j) . We have already shown that 
the functional / in 3| ) satisfy (|5.3|) . 

Consider now the last property ( |5.5|) . For S'O gir= i(A^ + 2) it explicitly reads (cf. 
Note 6.1 ): 

M-\ Bl B2 (a * / A f % 2 ) = (f B f\ * a)M_% A ^ with A[ < A 2 , B[ < B 2 , C[<C 2 . 

(7.12) 

Restrict the free indices to greek indices, and apply the projection P on both mem- 
bers of the equation. It is then immediate to see that only the /'s in ( [7.3| ) and the 
M_'s in (^|) enter in ([Hp . 

We still have to prove that the * product in ( 7.12[) can be computed via the 
coproduct A in ISOq )T . = i(N). Consider the projection of property ( [7.1 2D , written 
symbolically as: 

P[M_{f <g> id)A N+2 (a)} = P[(id <8> f)A N+2 (a)M-} . (7.13) 

Now apply the definition ( |7.4| ) and the first of ( [3.28| ) to rewrite ( |7.13| ) as 

P(M_)(f®id)A(P(a)) = {id® f)A(P(a))P(M_) . (7.14) 

This projected equation then becomes property ( p.5| ) for the ISO q ^=\(N) func- 
tional / and adjoint elements M_, with the correct coproduct A of ISO q , r= \(N). 
□ 



Using the general formula ( |7.9|) we can deduce the f2, T commutations for 
ISO q , r=1 (N): 



K 2Tr s 


Qa2S rpr o a 2 


(7.15) 


'dais 




K7* r = 


= qa2 'x r n a2 


(7.16) 






K 2u = 




(7.17) 






Q, a2 T r s 


— on T r Q a2 


(7.18) 


n, a2 x r = 


- Qa,2»-E ^» 


(7.19) 


Q, a2 u = 




(7.20) 







Note 7.2: w commutes with all Q 's only if g a . = 1 (cf. Note 3.2). This means that 
u = I is consistent with the differential calculus on ISO qabtr= i tqat= i(N). 
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An exterior derivative on ISO q , r= i(N) can be denned as 

da = (x a * a)tt a (7.21) 

where the Xa = X a b( a ' < b),x'b are gi yen i n ( |7. 1|) . Due to the coproduct ( [7.71) 
and the commutations ( |7.9| ) this derivative satisfies the Leibniz rule. It is also 
compatible with the left and right action of ISO qtr= i(N) since ( |6.54|) holds. This 
can be seen by noting that the key equation ( |6.59| ), which in the SO qir= i(N + 2) 
case reads [see ( |6.60|) , ( |6.42|) 1: 



X\ * b = {b * X B k)<M„% B ^) with A[ < A 2 , B[ < B 2 (7.22) 

becomes property ( |6.59| ) for the ISO qtr= i(N) functional x an d adjoint elements 
M_, with the correct coproduct A of ISO q ^ r= i(N), once we restrict the free indices 
to greek indices and apply the projection P. 

The exterior derivative on the generators T A B is given by: 

dT\ = -J2T a c q cb Q b c (7.23) 

c 

dx a = -J2T a c q c .V c (7.24) 

c 

du = dv = (7.25) 

where we have defined V a = Q, a . Again, for g a . = 1, u — v — I is a consistent 
choice. 

Every element p of T can be written as p = J2k a kdbk for some a^, b\~ belonging 
to ISO qtr= i(N). Indeed inverting ( |7.25| ) yields: 

K b = -q ab K{T b c ) dT\ (7.26) 
V b = — n(T b c ) dx c (7.27) 

?6. 



Thus all the axioms for a bicovariant first order differential calculus on ISO q ^ r= i(N) 
are satisfied. 

The exterior product of the left-invariant one-forms is defined as 

Q a AQP = Q a ®QP - K a \ s W ® Q s (7.28) 

where 

A Q % 5 = r 5 (M_/) (7.29) 

This A tensor can in fact be obtained from the one of SO q ^ r= i(N + 2) by restricting 
its indices to the subset ab, This is true because when i, I = ab, •& we have 
f l ^KerP) = so that f l l is well defined on ISO q<r= i(N), and we can write 
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fi(M- 



f % j[P(M-^)] (see discussion after Theorem 7.1). Then we can just 



specialize indices in equation ( |3. 67 ) and deduce the g-commutations for the one- 
forms Q and V: 



^aT A &<h — -qa 1 d 2 qd 1 a i qa2d i qd2a 2 Q'di A &>aT 



n a a2 A v d2 



Qai 

ya-2 ^ yd2 _ 



qa ld2 qd 2 a2V d2 Afi a f 



9d 2 



■9da 



yd 2 A 



(7.30) 
(7.31) 
(7.32) 



The exterior differential on T An can be defined as in Section 5 (eq. (|5.35|) ), and 
satisfies all the properties ( |5.37D -( pT38D . 



The Cartan-Maurer equations 



(7.33) 



can be explicitly written for the Q and V by differentiating eq.s ( [7. 26 ) and ( |7.27|) : 



dVt b = q ab q hc q ca Q b A fi a c 
dV b = ^q ba n a b AV a 

qb. 



(7.34) 
(7.35) 



where the one-forms Vt b with a' > b are given by Vl b = — q ab Vl b ?' ] i.e. we consider (as 
it is usually done in the classical limit), the one- forms Vt b to be "g-antisymmetric" 
n b = -q ab n/, cf. eq. flOo]) . 

Using the values of A a/3 7<5 = f a ^(M. J 8 ) and of the structure constants C Q/3 7 = 
Xfc(M_ (3 Q! ) we can explicitly write the "g-Lie algebra" of ISO qtr= i(N). The x Cl C2 i 
X bl b 2 ^-commutations read as in eq. ( |6 . 6 5| ) with lower case indices, and give the 
SO qjr= i(N) q-Lie algebra; the remaining commutations are 



X C c 2 Xb 2 



Xc 2 Xb2 

with the definition 



Qci* d qci 

fecife^X^X C2 ~ 



q C2 
qb 2 > 

q C2 * 



q C2 



-\Cb2C 2 Xc\ ~ 

qC2C\Xc2\ 



-qc2b 2 Xb 2 X 



(7.36) 



Xa = X'a (7-37) 

It is not difficult to verify that the C constants do coincide with the C constants 
appearing in the Cartan-Maurer equations ( [7. 3 3|) - ( [77351) . 

The *-conjugation on the x functionals and on the one-forms Q can be deduced 
from ( |6.68|) : 

(x a bY = -q cd V a c x C dK, (XbT = -(qd.)- l XdV d b (7.38) 
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(Q a b )* = -q ba V c a Q c d V b d , (V b )* = -q h .V d V b d (7.39) 

Remark 7.1: as discussed in |l| and at end of Section 3, a g-Poincare group without 
dilatations (i.e. u = I) has only one free real parameter g 12 , which is the real para- 
meter related to the g-Lorentz subalgebra. Then the formulas of this section can be 
specialized to describe a bicovariant calculus on the dilatation-free ISO q ^ r= i(3, 1) 
provided q am = 1 and q\2 G R. It is however possible to have a bicovariant calculus 
without the dilatation generator x*» even on ISO q>r= i{3, 1) with u ^ I. The possi- 
bility of having a dilatation-free g-Lie algebra describing a bicovariant calculus on a 
g-group containing dilatations u was already observed in the case of IGL g-groups, 
see ref. 0. The g-Poincare algebra presented in 0] corresponds to the case q = qu, 
g2. = gi2 = 1, for which the Lorentz subalgebra is undeformed and the g-Poincare 
group contains u ^ I. Finally, the bicovariant calculus that includes the dilatation 
generator x", is discussed in ref. [p 



8 The multiparametric orthogonal quantum plane 

as a g-coset space 

In this section we derive the differential calculus on the orthogonal quantum plane 

i.e. the I SO ' q , T =i{N) subalgebra generated by the coordinates x a . 
The coordinates x a satisfy the commutations (|3.10| ): 

x a x b = q ab x b x a (8.2) 

Note that the coordinates x a do not trivially commute with the SO q>r= i(N) g-group 
elements, but g-commute according to relations 



T b d x a = ^x a T b d (8.3) 

Qdm 

Lemma: x b c { a ) = when a is a polynomial in x a and v, with all monomials 
containing at least one x a . This is easily proved by observing that no tensor exists 
with the correct index structure. In fact we can extend this lemma even to v ■ ■ • v, 
due to 

X b c (v) = (8.4) 
and the coproduct rule ([7.7|), reading explicitly (no sum on repeated indices): 



^(X a b )=X a b ®fa b \ + Z®X a b , 

^\x\)=X\®f. b \ + e®x\ ■ 
Theorem 8.1: x b c * a = when a is a polynomial in x a . 



5.5) 
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Proof: we have x b c * a = {id® X b c )( a i ® a 2) — a iX b c ( a ^)- We use here the standard 
notation A (a) = a>i® a 2 . Since a 2 is a polynomial in x a and v (use the coproduct 
rule ( |3.20| )), and \ b c vanishes on such a polynomial (previous Lemma), the theorem 
is proved. □ 

Because of this theorem we can write the exterior derivative of an element of 
the quantum plane as 

da = (xc * a)V c (8.6) 
Thus da is expressed in terms of the "q-vielbein" V c . 

The value and action of Xs on the coordinates is easily computed, cf. the defi- 
nition in f[7.1[) : 

Xc(x a ) = -q c .5 a c , X c * x a = -q c .T a c ; (8.7) 
using ( |8.5|) we find the deformed Leibniz rule 

Xc* (ab) = (xc* a)f c c *b + axc*b . (8.8) 



From ( |3.7|) the exterior derivative of x a is: 

dx a = -q c .T a c V c = -V c T a c (8.9) 



[use ( |7.18j )l and gives the relation between the g-vielbein V c and the differentials 
dx a . 

The x a and V b g-commute as (cf. ( |7.19|) ): 

V a x b = q a . x b V a (8.10) 

and via eq. (|8.9|) and ( p.9|) we find the dx a , ^commutations : 

dx a x b = q ab x h dx a (8.11) 

After acting on this equation with d we obtain the commutations between the 
differentials: 

dx a A dx b = -q ab dx b A dx a . (8.12) 
The commutations between the partial derivatives are given in eq.( [7.36 ). 

All the relations of this section are covariant under the SO q , r= i(N) action: 

x a >T * b ® x b_ ( 813 ) 

Notice that the partial derivatives Xa and in general all the tangent vectors x an d 
vector fields x* °f this paper have "flat" indices. To compare Xc* with partial 
derivative operators with "curved" indices, we need to define the operators d s : 

d s (a) = - — ( Xb *a)K(T b s ) , (8.14) 
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so that 

da=d s {a)dx s (8.15) 



which is equation (|8.6|) in "curved" indices. The action of d s on the coordinates is 
d s (x a ) = 5 a s I , d s (bx a ) = b d s (x a ) + q sa d s (b) x a (8.16) 

The tangent vector fields Xc* of this paper and the partial derivatives d s are 
derivative operators that act "from the right to the left" as it is seen from their 

deformed Leibniz rule ( |3.8|) , (|8.16|) . This explains the inverted arrow on d s . We 



can also define derivative operators acting from the left to the right, as in ref.s [^0 
using the antipode k which is antimultiplicative. For a generic quantum group the 
vectors —K-'~ l {xi) = ~Xi ° K_1 ac t from the left and we also have 

da = ( Xi * a)J = J(-K'- l (xi) * a) (8.17) 

as is seen from n'(xi) — —Xj K '(.f J i) an d ^'~ l {f k j)f l k = $j [third line of (|5.52| )1. 
We then define the partial derivatives 

d s (a) = ^\T\)K'-\x t )*a, (8.18) 

so that 

da = dx s d s (a). (8.19) 
The action of d s on the coordinates is 

d s (x a ) = 5 a J , d s (x a b) = d s (x a ) b + q as x a d s (b) (8.20) 



From eqs. ( p,14j ), ( ^.18|) and (|7.36|) , or directly from d 2 = and dx a Adx b = dx a ® 
dx b — q a b dx b ® dx a [a consequence of ( |8.12| )], one finds the following commutations 
between the "curved" partial derivatives: 



r S q sr S r , r S q rs s r . 
Finally, we note that the transformation 

C +1 = ^(x n -x n+1 ) 



V2 



'-x a + x a 



a > n + 1 



(8.21) 

(8.22) 
(8.23) 
(8.24) 



defines real coordinates £ a for the even dimensional orthogonal quantum plane 
Fun qir= i(I SO(n + l,n — l)/SO(n + l,n — 1)) endowed with the conjugation ii) 
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discussed in Section 2. Moreover on this basis the metric becomes diagonal. Like- 
wise it is possible to define antihermitian x an d real Q, V. 



For n = 2 the results of this section immediately yield the bicovariant calculus 
on the g-Minkowski space, i.e. the multiparametric orthogonal quantum plane 
Fun q>r=1 (ISO(3, l)/£0(3, 1)). 

A The Hopf algebra axioms 

A Hopf algebra over the field K is a unital algebra over K endowed with the linear 
maps: 

A: A—> A® A, e : A^K, k : A -* A (A.l) 
satisfying the following properties Va, b E A: 

(A ® id)A(a) = (id ® A)A(a) (A.2) 

(e®id)A(a) = (zd<g>e)A(a) = a (A.3) 
m(/c <g> id) A(a) = m(zd <g> re)A(a) = e(a)J (A.4) 
A(afo) = A(a)A(6) ; A(J) = / ® J (A.5) 
e(a6) = e(a)e(6) ; e(J) = 1 (A.6) 
where m is the multiplication map m(a ®b) = ab. From these axioms we deduce: 

n(ab) = n(b)n(a) ; A[ac(o)] = t(k <8> «)A(a) ; e[«(o)] = e(a) ; «(/) = / (A. 7) 

where r(a ® fa) = & <S> a is the twist map. 
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